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▶ This work is released under a Creative Commons License with the following terms:
▶ Attribution

▶ The licensor permits others to copy, distribute, display, and perform the work. In return, licensees must give the
original authors credit.

▶ Non-Commercial
▶ The licensor permits others to copy, distribute, display, and perform the work. In return, licensees may not use the

work for commercial purposes – unless they get the licensor’s permission.
▶ Share Alike

▶ The licensor permits others to distribute derivative works only under a license identical to the one that governs the
licensor’s work.

▶ Full Text of the License
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Outline

▶ Motivation
▶ Data cleaning
▶ Tokenization
▶ Data selection
▶ Data mixing
▶ Distillation
▶ Reasoning data
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Motivation: Data as a resource

Figure: (Left) Economist 2017 article on the importance of data. (Right) The relative importance of data within the model.

◦ Architectures determine
▶ inference resources
▶ inference capabilities

◦ Algorithms determine
▶ training resources
▶ generalization

◦ Data determines
▶ generalization
▶ training resources
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Data processing pipeline for LLM pretraining

◦ Modern LLMs (e.g., ChatGPT, Gemini, Claude, DeepSeek,...) employ the following general data pipeline:

1. Data cleaning
▶ Deduplication
▶ Privacy and copyright
▶ Quality filtering
▶ Data age

2. Data selection
▶ Data masking
▶ Document packing
▶ Data ordering
▶ Synthetic data

3. Data mixing
▶ Find optimal domain mixtures
▶ Target evaluations
▶ Online mixing approaches
▶ Offline mixing approaches
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Data cleaning: Deduplication

◦ Datasets curated from internet contain substantial amounts of duplicate and near-duplicate content.

◦ This redundancy can negatively impact the performance of language models [51].
▶ Redundancy skews the model’s learning, resulting in overemphasis on repeated patterns.

◦ Effective deduplication helps to create a more balanced and varied training set.
▶ It helps with model’s generalization and alignment.
▶ It reduces storage, which in turn reduces costs associated with infrastructure.

◦ We discuss three deduplication techniques in the sequel:

1. Exact matching

2. Approximate matching

3. Model-based matching
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Deduplication techniques: Exact matching

◦ We can use hashing for each document.
▶ Two documents are duplicates, if their hashes coincide.
▶ Secure hash algorithm (SHA)-1, or its first 64 bits, used in CCNet [89].
▶ A simple hash function on large scale datasets has extremely low collision probability [24].

◦ We can use exact substring matching to identify duplicate substring.
▶ [51] uses suffix arrays for efficient computation.
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Deduplication techniques: Approximate matching

Dataset Example Near-Duplicate Example

Wiki-40B \n_START_ARTICLE_\nHum Award for Most Impact-
ful Character \n_START_SECTION_\nWinners and nomi-
nees\n_START_PARAGRAPH_\nIn the list below, winners are
listed first in the colored row, followed by the other nominees.
[...]

\n_START_ARTICLE_\nHum Award for Best Actor in a
Negative Role \n_START_SECTION_\nWinners and nomi-
nees\n_START_PARAGRAPH_\nIn the list below, winners are
listed first in the colored row, followed by the other nominees. [...]

LM1B I left for California in 1979 and tracked Cleveland ’s changes on
trips back to visit my sisters .

I left for California in 1979 , and tracked Cleveland ’s changes on
trips back to visit my sisters .

C4 Affordable and convenient holiday flights take off from your
departure country, "Canada". From May 2019 to October 2019,
Condor flights to your dream destination will be roughly 6 a
week! Book your Halifax (YHZ) - Basel (BSL) flight now, and
look forward to your "Switzerland" destination!

Affordable and convenient holiday flights take off from your depar-
ture country, "USA". From April 2019 to October 2019, Condor
flights to your dream destination will be roughly 7 a week! Book
your Maui Kahului (OGG) - Dubrovnik (DBV) flight now, and look
forward to your "Croatia" destination!

Table 1: Qualitative examples of near-duplicates identified by NEARDUP from each dataset. The similarity be-
tween documents is highlighted. Note the small interspersed differences that make exact duplicate matching less
effective. Examples ending with “[...]” have been truncated for brevity. More data available in Appendix.

Figure 1: The distribution of near-duplicate cluster
sizes from running NEARDUP on C4.

use the method introduced in Łącki et al. (2018) to
identify connected components. A breakdown of
the computation needed is given in Appendix A.

5 Deduplication Results

We deduplicate each of the four datasets with both
of our two techniques. When text was duplicated
across multiple data splits, we prioritized keeping
a copy in the test or validation set and removing it
from the train set.

5.1 Amount of Text Removed
With NEARDUP, we found that the web-scrape
datasets contain between 3.04% (on C4) to 13.63%
(on RealNews) near duplicates (Table 2). Near-
duplicate text is much less common in Wiki-40B,
forming only 0.39% of the train set.2 In C4, the ma-
jority (1.8M) of near-duplicate clusters consisted of
just a single pair of examples that matched against
each other, but there were 280 clusters with over
5,000 examples in them (Figure 1), including one
cluster of size 250,933.

2Most duplicates we saw were automatically generated
pages, such as the outcomes of sports games. This shows the
strength of manual curation for creating high-quality datasets.

% train examples with % valid with
dup in train dup in valid dup in train

C4 3.04% 1.59% 4.60%
RealNews 13.63% 1.25% 14.35%
LM1B 4.86% 0.07% 4.92%
Wiki40B 0.39% 0.26% 0.72%

Table 2: The fraction of examples identified by
NEARDUP as near-duplicates.

% train tokens with % valid with
dup in train dup in valid dup in train

C4 7.18% 0.75 % 1.38 %
RealNews 19.4 % 2.61 % 3.37 %
LM1B 0.76% 0.016% 0.019%
Wiki40B 2.76% 0.52 % 0.67 %

Table 3: The fraction of tokens (note Table 2 reports
the fraction of examples) identified by EXACTSUBSTR
as part of an exact duplicate 50-token substring.

On average with EXACTSUBSTR, we remove
more total content than with NEARDUP (de-
spite EXACTSUBSTR not removing any examples
outright)—for example removing 7.18% of the to-
kens in C4. The exception is LM1B, where EX-
ACTSUBSTR removes 8⇥ less data than NEARDUP.
On investigation, we find this is due to the fact that
LM1B documents are significantly shorter: 90%
of all documents are under 50 tokens, and so are
not even candidates for potential matches even if
the entire sequence matched verbatim. We find
that both NEARDUP and EXACTSUBSTR remove
similar content—77% of the training examples that
NEARDUP removes from C4 have at least one ver-
batim length-50 match found by EXACTSUBSTR.

5

Figure: Examples of near-duplicates identified by NEARDUP from multiple datasets (from [51]).

◦ NEARDUP: Efficiently identifies near-duplicates by estimating Jaccard similarity between documents [51].

◦ Edit Similarity: Similarity based on number of edits (insertions, deletions, substitutions) [51].

◦ Other similarity metrics used in practice include Levenshtein distance in PaLM [14].
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Deduplication techniques: Model-based

◦ Use learned representations from pretrained models to identify semantically similar documents.

◦ SEMDEDUP [1]:
▶ Uses a pretrained language model to generate embeddings.
▶ Calculates a representation for each data point (e.g., last layer embedding of final token).
▶ Clusters data points to find groups of similar documents.
▶ Computes pairwise cosine similarity within each cluster.

◦ Document De-Duplication and Diversification (D4) [83]:
▶ Combines hashing and clustering.
▶ Removes “most prototypical” examples within each cluster, enhancing diversity [76].
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Data cleaning: Privacy and copyright

◦ Privacy (anonymization)
▶ Challenge: Web-scraped data often contains

Personally Identifiable Information (PII), such as
names, phone numbers, addresses, and emails.

▶ Risk: An adversary can attack the LLM and
extract training-data PPI [12, 53].

▶ Mitigation:
▶ Rule-based: Identify and replace PII with

placeholders (e.g., using regular expressions).
▶ Differential Privacy: Add noise to the data to protect

individual privacy while preserving utility [22, 23].

◦ Copyright
▶ Challenge: Much of the web content, e.g., books

and articles, is copyrighted material.
▶ Risk: Training LLMs on copyrighted data without

permission or license can lead to legal issues.
▶ Mitigation:

▶ Obtain explicit permission from copyright holders.
▶ Utilize publicly available datasets.

Example (Rule-based anonymization)
Original Text: “John Doe’s phone number is 555-123-4567 and his email is john.doe@example.com.”

Anonymized Text: “[NAME]’s phone number is [PHONE] and his email is [EMAIL].”
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Data cleaning: Bias

◦ Real-world datasets are biased.

◦ Data imbalances hurt out-of-distribution performance [28].

◦ Bias is also within the same research vein as fairness and AI safety [15].

Example (Biased data)
A language model trained predominantly on news articles may exhibit bias towards formal language and struggle
with informal slang or dialectical variations.

Remark: ◦ Mitigation techniques include
▶ data augmentation with examples representing underrepresented groups [102]
▶ contrastive objectives [34]
▶ dropout regularization [87]
▶ counterfactual data augmentation [87, 49, 61]
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Data cleaning: Filtering low-quality data

◦ Pretraining datasets for LLMs often contain substantial amounts of low-quality, noisy, or undesirable content.

◦ Modern LLMs use quality and/or toxicity filtering to achieve optimal model performance and desired behavior.

Example
Consider the Common Crawl dataset, a massive web scrape. It includes
▶ advertisements and promotional material;
▶ repetitive, non-human-readable text;
▶ toxic content.

Filtering approaches
Two primary approaches are used, often in combination:

1. Heuristic-based filtering: Rule-based methods that remove documents based on easily computable features.
2. Classifier-based filtering: Models trained to identify and remove specific types of undesirable content.
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Quality filtering: Heuristic-based

◦ Heuristic methods deploy rules based on simple text features [67, 95, 48, 100].
▶ Sentence length: Remove documents with sentences that are too short or too long.
▶ Specific-word presence: Filter documents based on the presence of specific words with low-quality content.
▶ Repetitiveness: Eliminate documents with excessive repetition of characters or phrases.
▶ Language: Ensure the document is primarily in the desired target language (e.g., English-only).

Example
Colossal, cleaned version of Common Crawl’s web crawl corpus’ (C4) heuristic filtering include [68]:
▶ Removing lines not ending in a terminal punctuation mark.
▶ Filtering documents with Javascript alerts.
▶ Removing documents with fewer than 5 sentences.
▶ Removing documents containing curly brackets (to filter out code).
▶ Filtering out filler text, such as “lorem ipsum,” or boilerplate policy notes like “terms of use.”
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Quality filtering: Classifier-based

◦ Classifier-based methods use machine learning models to identify and filter undesirable content.
▶ We train classifiers to distinguish between “high-quality” and “low-quality” documents.
▶ High-quality training data is often derived from curated sources like Wikipedia or Books.

Example (Classifier-based quality filtering)
▶ PaLM and GLAM use a linear classifier based on features, e.g., similar to Wikipedia and Books [14, 21].
▶ LLaMA uses pages referenced within Wikipedia as high-quality examples [84].

Remarks: ◦ Classifier-based filtering might be too strict; we can use stochasticity in the selection [10]
▶ to allow some lower-scoring documents to be included.
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Quality filtering: Impact
Figure 5: Toxicity filtering the pretraining dataset decreases the ability of LM-XLto identify toxicity and
to generate toxic text. Quality filtering surprisingly increases both abilities. Documents with scores below
a given threshold were filtered out.

Figure 6: Quality filtering C4 increases LM-XL’s downstream performance on all QA task domains,
except for Books. The quality filter threshold is on the x-axis, with percentage of training data remaining in
parenthesis. Each column represents a set of QA evaluations from a domain. The ‘Full Dataset’ is unfiltered,
and the ‘Inverse’ filter removes the highest quality data instead.

Dataset quality characteristics are not strongly indicative of filtering e�ects. In Section 3, Books, Wikipedia,
and Web data are classified as highest quality. Figure 6 shows that despite this, quality filtering provides
the least benefit to QA tasks in these categories, even hurting the performance for Books. On the other end,
academic and biomedical data are ranked among the lowest quality, but their QA tasks benefit the most from
quality filtering.

Optimizing on one measure of quality is not su�cient to predict or improve performance across domains.
Most interestingly, Wikipedia and Web QA tasks are among the most hurt by the inverse filter—suggesting
these domains are not a�ected as much by the absence of the lowest quality data as the presence of the
highest quality data. Also unexpectedly, both the quality and inverse quality filters led to models with
higher toxic generation tendencies (Figure 5, right)—the one dimensional measure of quality captured by the
quality scores is not su�cient to explain this behaviour. In other words, di�erent segments of data along this
classifier’s quality spectrum can have strong but varied e�ects on di�erent domains. It suggests practitioners
should move beyond one measurement of quality and consider multiple.

One size does not fit all. Toxicity Filtering leads to a trade-o� between toxic identification and toxic
generation goals. Filtering using a toxicity classifier, we find a trade-o�: models trained from heavily
filtered pretraining datasets have the least toxic generation but also the worst toxicity identification (Figure 5,
left). Similarly, Figure 7 shows the performance of QA tasks unrelated to toxicity are hurt by toxicity filtering,

12

Figure: Performance when applying quality filtering to C4. The quality filter threshold is on the x-axis, with percentage of
remaining training data in parenthesis. “Full Dataset” is unfiltered, “Inverse” removes highest quality data. From [59].

Remarks: ◦ Quality filtering improves performance on almost all downstream tasks.

◦ Removing ≈ 10% of training data can significantly improve performance.
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Data cleaning: Data age

◦ Language evolves, impacting the LLM performance on temporally misaligned data [59].
▶ Temporal misalignment: Discrepancy between the time periods in training and evaluation [50, 60, 4].

Example
An LLM trained on 2019 data may perform poorly on a 2023 evaluation set containing information about events
happened after 2019. Similarly, a model trained on 2023 data may struggle with nuances of language and
information relevant to a 2019 evaluation set.

Remarks: ◦ Performance degradation is pronounced when the evaluation year is after the pretraining year [60].

◦ Larger models exhibit greater sensitivity to temporal misalignment than smaller models.

◦ Temporal misalignment complicates evaluation.
▶ Older evaluations may underestimate newer models.
▶ Newer evaluations may underestimate older models w.r.t. their original context.
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Data age: Impact on evaluations
tasks, we show that temporal misalignment during pretraining persists even with temporally-relevant
finetuning data.

Figure 4: The mean relative performance over 5 datasets (y-axis) increases as temporal misalignment (x-axis)
approaches zero. The boxplot indicates the median (solid line), mean (triangles), quartile range (boxes), and rest of the
distribution (whiskers). Note that each dataset has di�erent evaluation year ranges.

Performance degradation strongly correlates with pretraining misalignment and its e�ects are non-trivial.
Luu et al. (2021) formalize a definition for Temporal Degradation (TD), which measures the performance
change observed from one year di�erence between the finetuning and evaluation years. We generalize TD to
also measure the e�ect of one year di�erence between pretraining time and evaluation time, as described
in Appendix C.4. Furthermore, we measure the Pearson correlation r between the performance di�erence
and the temporal di�erence to understand the strength of the correlation. In Table 2 we find temporal
degradation is highest for finetuning (2.8 on average), as expected, but also surprisingly high for one year
of pretraining (0.4)—particularly for the News domain. The average Pearson correlation of 0.61 indicates a
strong correlation between pretraining temporal misalignment and performance degradation. All five tasks
pass a one-sided Wald test with p < 0.05, validating the slope is greater than zero.

F��������� P����������
LM-S���� LM-XL LM-S���� LM-XL

D����� T��� TD r TD r TD r TD r

N��� P��CLS 5.82 0.84 5.63 0.80 0.02 0.01† 0.59 0.67
N��S�� 0.80 0.82 2.91 0.92 -0.31 -0.29 0.73 0.45

T������ P���A�� 3.74 0.84 4.93 0.89 0.50 0.21 0.28 0.56
T��ERC 0.49 0.73 0.53 0.82 0.05 0.27 0.23 0.72

S������ AIC 0.94 0.83 0.24 0.36 0.11 0.18† 0.23 0.66
M��� 2.36 0.81 2.84 0.76 0.08 0.07 0.41 0.61

Table 2: Temporal Degradation (TD) measures the expected performance degradation from one year of tem-
poral misalignment. We report TD first between finetuning and evaluation, then pretraining and evaluation,
for LM-XL and LM-S����, across five tasks. Pearson correlation r indicates the correlation strength between
performance and temporal change. Temporal Degradation due to pretraining is significant and persistent
across domains. All correlations are significant at p < 0.05 unless marked with †.

Pretraining misalignment is not overcome by significant finetuning. The temporal degradation due
to pretraining suggests models pretrained on data from the same time frame as target evaluations will

10

Figure: Asymmetry in data age. From [59].

Remarks: ◦ Relative performance (y-axis) increases as temporal misalignment (x-axis) approaches zero.

◦ Performance degradation is asymmetric:

▶ It is steeper when the evaluation year is after the pretraining year (red) than before (blue).

◦ Newer evaluations appear more difficult than old evaluations when applied to older models.
▶ Older evaluations may underestimate the capabilities of newer models.
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Data age: Mitigation techniques

◦ Trade-offs between using the most recent data (recency) and using data relevant to the task (relevance).
▶ Data refreshment: Regularly update training data with newer information [33, 32].
▶ Dynamic evaluation: Evaluate on datasets covering various time periods to assess robustness [105, 104].
▶ Retrieval-augmented generation: Include recent documents in the context, e.g., web search results [30].
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From datasets to algorithms

Internet Dataset Model
Collection Selection

◦ We have seen how to construct a dataset from the Internet through collection, filtering, and processing.

◦ In the sequel, we will focus on how to efficiently feed this data to training algorithms.

◦ The process of transforming a raw dataset into this format involves several steps:
▶ Tokenization: Converting text into numerical tokens in the vocabulary size.
▶ Data masking: Methods to select most useful samples.
▶ Document packing: Combining multiple documents for computational efficiency.
▶ Data order: The order of samples during pretraining impacts learning dynamics.
▶ Data mixing: Combining diverse data sources according to specific ratios.
▶ Batching: Grouping sequences with a batch size B and a sequence length S.
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Tokenization

◦ Tokenization is the process of decomposing a text into a sequence of individual “tokens” [103].

◦ Word-based tokenization: Simple, but suffers from out-of-vocabulary issues and large vocabulary size.

◦ Character-based tokenization: Leads to long sequences and fails to capture higher-level linguistic units.

◦ Subword tokenization: Solves the previous issues.

Example
The sentence “Tokenization is crucial.” could be tokenized as:
▶ Word-based: [“Tokenization” “is” “crucial” “.”]
▶ Character-based: [“T” “o” “k” “e” “n” “i” “z” “a” “t” “i” “o” “n” “ ” “i” “s” “ ”

“c” “r” “u” “c” “i” “a” “l” “.”]
▶ Subword-based: [“Token” “ization” “is” “crucial” “.”]
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Subword tokenization
◦ In subword tokenization, each word is split into a sequence of known subwords.

◦ Byte-pair encoding (BPE):
Iteratively merges frequent pairs of
consecutive tokens [27].
▶ Starts with basic characters.
▶ Selection criterion: Highest

co-occurrence frequency.
▶ Used in GPT-2, BART, LLaMA.
◦ WordPiece: Similar to BPE, but

uses a likelihood-based selection
criterion [19].
▶ Scores pairs based on the

impact on the training data
likelihood.

▶ Used in BERT.
Figure: From Tiktokenizer.
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Advanced tokenizers

◦ SentencePiece: Treats input as unique raw stream, including whitespaces in the set of characters to use [47].
▶ Applicable to languages that do not use spaces to separate words (e.g., Chinese).
▶ Also useful for languages where the meaning of a word strongly depends on the context.

◦ Commercial LLMs often use ad-hoc tokenizers.
▶ GPT-4o uses the o200k_base tokenizer [62].
▶ Faster token generation than previous GPTs.
▶ Superior handling of Indic languages, with significant token reduction.
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Feeding the tokenized data to an algorithm

…

…

…
…

…

…

Sequence Length

B
at

ch
 S

iz
e

❌

➡❓ 🔎 ✅

➡❓ 🔎 ✅

➡❓ 🔎

Data Masking Document Packing

➡❓ 🔎

Data Ordering

➡❓ 🔎

1. 

2. 

3.
🔵

🟢

🟠

*

Figure: Overview of data selection techniques to efficiently feed data to models, including masking, packing, and ordering
strategies to optimize learning efficiency. *Data Ordering can also be applied after Data Masking.
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Motivation for data selection [64, 6]

◦ Why does data selection matter?
▶ Costs: Training on large data is computationally expensive and produces significant carbon emissions
▶ Quality over quantity: Smaller, high-quality datasets can yield better performance
▶ Bias mitigation: Real-world datasets are biased; selection can help address imbalances
▶ Robustness: Selection can reduce impact of corrupted examples and noisy data

◦ We will cover the following approaches in the sequel:
▶ Data masking: Focus computation on informative tokens/samples.
▶ Document packing: Optimize computational efficiency during training / reduce waste.
▶ Data ordering: Structure training sequences for improved learning.
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Data masking: Selection methods and results

◦ Perplexity correlation [82]: Samples with stable perplexity across open-source model checkpoints.
▶ Perplexity is estimated in samples of 25 documents & webpages per domain.
▶ Results in good performance on benchmark datasets: ARC Easy [16], PIQA [8], LAMBADA [65].

◦ Token-level selection (RHO-1) [54]: Filter tokens based on gradient importance scores.
▶ A smaller “reference” model is used to obtain the importance scores (next slide).
▶ Matches DeepSeekMath with 3% of tokens.

◦ Coreset methods [63]: Select small subsets that maintain gradient fidelity.
▶ The subsets are updated during training.
▶ 90% data reduction with higher accuracy.

◦ Importance resampling [91]: Re-weight examples based on similarity to a small target dataset distribution.
▶ Prevents catastrophic forgetting compared to training on target dataset.
▶ 5-15% gains on low-resource tasks.
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Selective language modeling: Addressing token-level noise

The farm has 35 hens <Apr12 1:24> and 12 pigs. ##davidjl123 says totaling 47 animals.

𝑥! 𝑥" 𝑥# 𝑥$ 𝑥% 𝑥& 𝑥' EOS

Undesired TokensDesired Tokens

Causal Language Modeling

✘ Remove loss ✓ Keep loss 

𝑥! 𝑥" 𝑥$ 𝑥%𝑥# 𝑥& 𝑥'𝑥(

Selective Language Modeling

𝑥! 𝑥" 𝑥$ 𝑥%𝑥# 𝑥& 𝑥'𝑥(

✘ ✘ ✘✓ ✓ ✓ ✓

Noisy Pretraining Corpus

𝑥! 𝑥" 𝑥# 𝑥$ 𝑥% 𝑥& 𝑥' EOS

✓

Figure: Selective Language Modeling approach. Even an extensively filtered pretraining corpus contains token-level noise. The
proposed Selective Language Modeling (SLM) selectively applies loss on those useful and clean tokens. [54]
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Document packing: Overview

◦ Training sequences often contain significant padding, wasting computation.

◦ Document packing combines multiple short sequences into single longer sequences to:
▶ Reduce padding waste.
▶ Increase computational efficiency.
▶ Improve training throughput.

◦ Different approaches address this problem:
▶ Standard packing [86]: Simple concatenation of sequences.
▶ Cross-contamination prevention [46]: Mask attention to avoid leakage from independent sequences.
▶ Optimized implementations [55]: Models like DeepSeek-V3 incorporate packing while preserving integrity.

◦ Document packing can yield 2-3× training speedup without sacrificing model quality.
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Document packing: Implementation & results

Figure: Packing multiple documents reduces padding tokens, improving training efficiency by 2-3× [86]. We may also giveup
space to pack documents with semantic coherence, e.g., do not split instructions from their corresponding examples (Greedy
Packing).

◦ Key considerations for effective document packing:
▶ Maximum benefit when dataset contains many short documents.
▶ More effective for larger models (benefits scale with parameter count).
▶ Must balance efficiency gains against potential cross-document interference.
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Importance of data order in LLM training

Figure: Unlike standard pretraining with shuffled documents, In-context pretraining groups related texts together, improving
cross-document reasoning [74].

◦ The order of training data affects how language models learn patterns and dependencies [10, 85].

◦ Random shuffling disrupts inter-document relationships, limiting long-context reasoning [68].

◦ Keeping related documents together improves:
▶ Information flow [38]
▶ Coherence in conversations [101]
▶ Memory retention [58]
▶ Generalization [10]
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Data order: Finding and structuring related documents

◦ Retrieving nearest neighbors
▶ Each document di is mapped to an embedding E(di) using a Contriever [39] model.
▶ The similarity between documents is computed using cosine similarity:

s(di, dj) = cos(E(di), E(dj)).

▶ FAISS (Facebook AI Similarity Search) [43] is used for efficient approximate nearest-neighbor search.
▶ Product quantization [41] and inverted file indexing [20] reduce memory usage and improve retrieval speed.

◦ Constructing a document graph
▶ Documents are represented as nodes, edges exist between nearest neighbors.
▶ Edge weights correspond to document similarity scores.
▶ The graph structure ensures related documents appear close together in input sequences.
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Data order: Optimizing document ordering for input contexts

◦ In graph traversal approach, we find a single path that maximizes similarity between consecutive documents.

◦ Modeled as the maximum traveling salesman problem (TSP):

P ∗ = arg max
P

∑
(di,dj )∈P

s(di, dj).

◦ A greedy algorithm approximates an optimal path:
▶ Start from the document with the fewest connections.
▶ Iteratively select the most similar unvisited neighbor.
▶ If no unvisited neighbors remain, connect to another low-degree document.

◦ Segmenting into Input Contexts:
▶ The optimized document path is divided into fixed-size input contexts (e.g., 8192 tokens).
▶ This ensures related documents are grouped without redundancy.
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Data order: Experimental results of ICLM

Figure: Overview of In-Context Pretraining: First, related documents are retrieved at scale to construct a document graph.
Then, a traversal algorithm sequences documents to maximize contextual continuity, ensuring semantic coherence [74].

Remarks: ◦ Trained LLaMA-based models (0.3B-7B parameters) on 300B tokens from CommonCrawl.

◦ Performance improvements compared to standard pretraining:
▶ Zero-shot generalization: +12%
▶ Few-shot prompting accuracy: +10%
▶ Faithfulness to prior context: +16%
▶ Computational efficiency (faster convergence): -20% training steps
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Data mixing problem

◦ Pretraining an LLM requires large-scale data from diverse sources, such as the Pile and SlimPajama [29, 73].

Data Source Sampling (%) Train Tokens Validation Tokens Train (% of Total)

CommonCrawl 67.0 200.82B 214.72M 66.99
C4 15.0 44.98B 48.06M 15.00
GitHub 4.5 13.51B 14.42M 4.51
Books 4.5 13.49B 14.39M 4.50
Wikipedia 4.5 13.50B 14.41M 4.50
ArXiv 2.5 7.49B 8.01M 2.50
StackExchange 2.0 5.99B 6.41M 2.00
Total 100.0 299.78B 320.42M 100.00

Table: SlimPajama dataset [73]

◦ Denote k domains for pretraining as Dtrain = {D1, D2, . . . , Dk}.

◦ The sampling distribution is α = (α1, . . . , αk) ∈ △k, the probability simplex over k domains.

◦ How to find the optimal data mixture weight α?
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Suboptimal heuristics data mixing methods

◦ Heuristics data mixing methods:
▶ Uniform sampling across domains: αi = 1

k

▶ Sample-level uniform sampling: αi = |Di|
|Dtrain|

▶ Manual selection: Upweight high-quality sources like Wikipedia and academic texts [10, 29]

◦ Most current well-known LLMs still use manual selection strategies.
▶ Staged training with various mixtures like Gemini [78, 79], Qwen [93, 94], Gemma [80, 81].
▶ DeepSeek-V3 increases focus on math and programming samples compared to DeepSeek-V2 [18].
▶ Qwen 2.5 uses Qwen2-Instruct models to classify and balance content across different domains [94].

◦ These heuristic methods may be suboptimal since they ignore:
▶ Relevance of topics
▶ Variance data quality
▶ Toxicity, duplication etc.
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Suboptimal heuristics data mixing methods

◦ Good domain mixing methods can greatly speed up LLMs training.

Figure: Comparison of domain mixing algorithm and heuristic method [90]
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Proxy-based algorithms
◦ Objective: Train a model x minimizing average loss across all domains 1

k

∑k

i=1 fi(x).

▶ fi(x) = 1
|Di|

∑
a∈Di

L(hx(ai, bi))

◦ Some works [90, 26] empirically show that a good α can be transferred across model sizes.

◦ For efficiency, we can train small proxy models to obtain α and then apply it to train a large model [90, 26].

Figure: Proxy-based algorithms’ pipeline [26].
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Proxy-based algorithms: DoReMi [90]

◦ DoReMi is a three-step algorithms.

1. Train a small reference model xref with uniform domain weights.

2. Train proxy model with group distributionally robust optimization [69] to obtain domain weights.

▶ Trains a robust model by optimizing the worst-case loss over domains:

min
x

max
α∈△k

L(x, α) :=
k∑

i=1

αi · [fi(x)− fi(xref)]

▶ The domain weights are guided by loss difference. At step t,

αt
i ∝ αt−1

i exp
(

fi(xt)− fi(xref)
)

.

3. Train large model with new domain weights.
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Proxy-based algorithms: DoReMi [90]

Figure: DoReMi’s pipeline [90]

Remarks: ◦ DoReMi is not efficient enough since it requires two auxiliary models.

◦ α highly depends on the performance of reference model.
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Proxy-based algorithms: DoGE [26]
◦ Compared with DoReMi, DoGE gets rid of training the reference model.

◦ DoGE is a two-step algorithm.

1. Train a small-scale proxy model to find optimal domain weights.
▶ Formulate domain reweighting as a bilevel-optimization problem:

α ∈ arg min
α∈△k

∑
i∈[k]

fi(x⋆(α)) s.t. x⋆(α) ∈ arg min
x

∑
i∈[k]

αifi(x)

▶ Domain weights are updated by the first-order gradients in the following fashion:

αt
i ∝ αt−1

i exp

⟨∇fi(xt),
∑
j∈[k]

∇fj(xt)⟩


2. Train large-scale base LLM with resampled pretrain corpus according to the finalized domain weights.

Remarks: ◦ The domain weight update uses approximations based on “influence functions.”

◦ There are more principled ways of performing the updates! (reach out to me)
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Proxy-based algorithms: DoGE [26]

Figure: DoGE’s pipeline [26]

Remarks: ◦ DoGE expands to out-of-domain scenarios.

◦ The proxy model requires k gradient computations per update, slowing training.
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Proxy-based algorithms: Chameleon [92]

◦ DoReMi and DoGE derive domain weights from proxy model training process, which may be unstable [7, 42].

◦ Chameleon leverages domain characteristics directly to obtain domain weights.

1. Train a proxy model and extract domain embeddings vi ∈ Rp for i ∈ [k], where p is embedding dimension.

2. Define the kernel κ(vi, vj) = v⊤
i vj for domain similarity and construct the affinity matrix:

Ω = [κ(vi, vj)]ki,j=1 = V V ⊤.

3. Compute Kernel Ridge Leverage Scores (KRLS) [5]:

S(Di) = [Ω(Ω + kI)−1]ii.

4. Compute domain weights according to training phases.

▶ Pretraining aims to obtain general knowledge: αi = softmax
(

S−1(Di)
)

▶ Finetuning specializes on specific tasks : αi = softmax (S(Di))
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Proxy-based algorithms: Chameleon [92]

Figure: Chameleon’s pipeline

Remarks: ◦ Chameleon is more stable since domain weights are independent of the training process.

◦ The time for step 1-3 in the above figure is negligible compared to proxy model training.

◦ It indicates that the training phases affect optimal domain weights.

◦ Chameleon can adapt to changes in domain composition without re-training proxy models.
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Reliability of proxies

Figure: Optimal domain weights can depend on model and data size [42, 45]

◦ A proxy model may not faithfully mirror the target model’s performance.

▶ Scale with model sizes (left figure) [42, 97].
▶ Scale with data size (right figure) [45].
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Optimal domain weights are predictable

Figure: Data mixing law [97]

◦ [97, 45] find that the domain losses regarding the domain proportion precisely fit into an exponential law.

◦ [57] grid searches domain proportions and predicts optimal weights via regression.

◦ [45] investigates the scaling law of data size in the domain mixing problem.

◦ [97] predicts domain weights through using scaling laws of training steps, model sizes, and data mixing laws.
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Online data mixing algorithms

Figure: Online data mixing [7]

◦ Online algorithms offer an alternative to avoid proxy model pitfalls.

◦ [7, 42] propose loss-guided online data mixing methods.
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Task-oriented methods
◦ Instead of averaging the loss across all domains, we can optionally use a specific task as the objective.

◦ Dynamic gradient alignment [25] is similar to DoGE but operates online with a target loss:

αt
i ∝ αt−1

i exp
(
⟨∇fi(xt),∇ftarget(xt)⟩

)
.

◦ Perplexity may not directly relate to downstream tasks’ performance.
▶ RegMix [57] finds that Common Crawl (CC) is highly relevant to downstream tasks’ performance.
▶ It uses the validation loss of Pile-CC [29] as objective.

Figure: Correlation between validation loss by domains of the Pile and downstream performance.
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From real to synthetic data: Data augmentation vs. Knowledge distillation

◦ Data augmentation [75]

▶ Generates additional data samples from existing
datasets.

▶ Includes transformations, paraphrasing, or
synthetic text generation.

▶ Often aims to improve generalization in
data-limited scenarios.

◦ Mathematically:

Daug = f(Dorig)

where f is a transformation function that increases
dataset diversity.

◦ Knowledge distillation [37]

▶ Transfers knowledge from a large teacher model
(T ) to a smaller student model (S).

▶ Involves a loss function comparing student
predictions with soft labels from the teacher.

▶ Can use KL-divergence, mean squared error, or
other objectives.

◦ Mathematically:

LKD = KL(σ(zTeacher) ∥ σ(zStudent))

where σ is the softmax function, zTeacher, zStudent are
teacher and student logits.

Remark: ◦ One approach is to generate synthetic data from the teacher model for data augmentation.
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Using teacher models for data generation and Phi models

◦ Instead of distillation, teacher models generate synthetic training data, improving diversity and generalization.

◦ We can use the teacher model to generate the next token

Dsynth = {(ai, hTeacher(ai))|ai ∼ hTeacher},

where hTeacher(a) is the teacher model.

◦ Phi Models: Learning from synthetic data
▶ Phi-1.5 [52], Phi-2 [40], and Phi-3 [2] use synthetic data but do not rely on KL-divergence distillation.
▶ These models leverage curated synthetic datasets (from GPT-4 variants etc.) to improve sample efficiency.
▶ They demonstrate strong generalization abilities and few-shot learning performance.

◦ Training Objective:
LPhi(x) =

∑
(a,b)∈Dsynth

L(hx(a), hTeacher(a)),

where hx is the student model, and L is the supervised training loss applied over the synthetic dataset Dsynth.
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Synthetic continued pretraining (Synthetic CPT) [96]

Figure: Illustration of Synthetic CPT acquiring new implicit fact as data using the EntiGraph method (The Louvre contains
many works by DaVinci...) [96].

◦ LLMs struggle to acquire knowledge from small datasets efficiently.

◦ Synthetic CPT generates a large synthetic dataset from a small domain-specific dataset.

◦ Instead of training on a small dataset Dsource, Synthetic CPT expands it as follows:

Asynth : Dsource → Dsynth,

▶ Asynth is an augmentation algorithm that diversifies knowledge representations.

◦ The resulting synthetic corpus helps the model generalize with various knowledge representations.
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EntiGraph: Entity-centric augmentation in Synthetic CPT [96]

◦ This expansion is made using the EntiGraph method

▶ Extracts key entities from Dsource:

{E1, E2, ..., En} ∼ LMextract(Dsource)

where LMextract is a pretrained model for entity identification.
▶ For example, if Dsource covers Linear Algebra, then E1 = Linear Space, E2 = Vector, E3 = SVD, . . .

▶ Identifies relationships between entities:

DEi,Ej
∼ LMrelate(Dsource, Ei, Ej)

where LMrelate structures entity relationships for factual consistency.
▶ Uses these structured relationships to generate diverse synthetic data, unlike simple paraphrasing.
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Synthetic continued pretraining results [96]

◦ Balancing synthetic and real data

▶ Synthetic data helps but has diminishing returns:

L(Nsynth) = A + B log(Nsynth)

▶ Synthetic CPT uses a balanced approach:

min
θ

∑
(a,b)∈Dsynth

L(hx(a), b) + λ
∑

(a,b)∈Dreal

L(hx(a), b)

where λ is the balance factor. Figure: Impact of synthetic continued pretraining on QA
accuracy. The x-axis shows the synthetic token count,
and the y-axis shows model accuracy [96].
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Knowledge distillation

◦ Knowledge distillation (KD) [37, 71] transfers knowledge from a large teacher model to a student model.

Knowledge distillation
Given a teacher model with logits zTeacher and a student model with logits zStudent, distillation loss is given by

LKD = αCE(b, zStudent) + (1− α) · d(zTeacher, zStudent),

where α balances supervision from labels of the distillation dataset and teacher outputs. d(zTeacher, zStudent)
measures the difference between the teacher and student:
▶ Cross-entropy: d(zTeacher, zStudent) = CE(zTeacher, zStudent)
▶ KL divergence: d(zTeacher, zStudent) = KL(σ(zTeacher) ∥ σ(zStudent)), where σ(·) is the softmax.

Remarks: ◦ Reduces model size while maintaining accuracy.

◦ Transfers knowledge from a model to a more efficient one (e.g., linearized attention [99]).

◦ Speeds up inference using lightweight models.
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MiniLLM: Reverse KL in knowledge distillation [31]
◦ Standard knowledge distillation minimizes the forward KL:

LKD = KL(σ(zTeacher) ∥ σ(zStudent)),
which forces the student to match modes of the teacher, including low-likelihood outputs.

◦ Instead, MiniLLM minimizes the reverse KL:
LMiniLLM = KL(σ(zStudent) ∥ σ(zTeacher))

←−−→
◦ This leads to:
▶ Mode-seeking behavior: The student prioritizes high-likelihood outputs.
▶ Better generalization: Avoids copying uncertain, noisy predictions from the teacher.
▶ More stable generation: Reduces exposure bias by penalizing improbable outputs.

Figure: Fitting a Gaussian mixture with a single Gaussian using forward and reverse KLD [31].
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MiniLLM: Optimization strategies for distillation

◦ Direct optimization of reverse KL is unstable; MiniLLM refines it with:

▶ Uses Policy Gradient Optimization to compute gradients:

∇L = −Ea∼hTeacher,b∼hStudent(a)

∑
t

Rt∇ log hStudent(bt|b<t, a),

where Rt is a reward function based on the teacher’s likelihood.
▶ Reduces variance by computing per-token quality directly as a single-step decomposition.
▶ Prevents degenerate text generation by mixing teacher’s outputs.
▶ Adjusts for sentence length bias to improve long-form generation using length normalization.

Remarks: ◦ Reverse KL distillation allows smaller models to focus on key knowledge.

◦ The optimization strategy stabilizes training and improves response quality.

◦ MiniLLM outperforms standard sequence-level KD across multiple datasets.
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DDK: Distilling domain knowledge [56]

◦ Data mixing methods also benefit distillation.

◦ Standard KD treats all domains equally, ignoring performance gaps.

◦ Distilling domain knowledge (DDK) is an online data mixing algorithm for distillation [56].
▶ The weight of domain i (αi) is decided by the discrepancy between student and teacher models.
▶ Domain discrepancy factor with bi being the ground truth label for domain i:

αi =
exp(CE(hStudent(ai), bi)/CE(hTeacher(ai), bi))∑k

j=1 exp(CE(hStudent(aj), bj)/CE(hTeacher(aj), bj))
.

▶ Use the updated domain weights to sample data from different domains to do distillation with LKD.
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Distillation scaling laws [11]

Question: ◦ If I want a small, capable model, should I distill from a more powerful model, or train from
scratch?

Remarks: ◦ Compared to supervised training:
▶ It is only more efficient to distill if the teacher training cost does not matter.
▶ Efficiency benefits vanish when enough compute/data is available.
▶ Distillation cannot produce lower cross-entropies when enough compute/data is available.

◦ In practice the distillation is preferred as the large teacher model is often already available.
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Reasoning data

◦ State-of-the-art LLMs have demonstrated impressive improvements in in mathematical reasoning.
▶ GPT-o1 models, DeepSeek, etc.

◦ Specialized datasets are used for training LLMs with superior mathematical reasoning abilities.

◦ Pretraining, SFT, and RL approaches are all used for reasoning capabilities.
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Reasoning data: DeepSeek-Math corpus

◦ DeepSeekMath corpus [72] construction:

1. Initial seed corpus of high-quality mathematical text (OpenWebMath [66]).
2. Train a classifier [44] using the seed corpus as positive samples and CC web pages as negative.
3. The top-ranked web pages are added to the positive samples until 120B math tokens are obtained.

◦ The pretrained base model, DeepSeekMath-Base 7B, shows strong reasoning abilities [72].
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Common reasoning benchmarks for LLMs

◦ Mathematical Reasoning Benchmarks

▶ MATH [36]: Includes high school and
competition-level problems.

▶ GSM8K [17]: Grade school arithmetic word
problems.

▶ ProofWriter [77]: Tests theorem proving abilities.

◦ Sample Problem from MATH [36]:

If x + 2 = 5, solve for x.

◦ Commonsense Reasoning Benchmarks

▶ HellaSwag [98]: Tests physical commonsense
understanding.

▶ WinoGrande [70]: Pronoun resolution in
ambiguous contexts.

▶ PIQA [8]: Physical interaction question answering.

◦ Example Question from WinoGrande [70]:
The trophy does not fit in the suitcase because
it is too big/small. What does it refer to?
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Common reasoning benchmarks for LLMs: MMLU and ARC

◦ MMLU: Massive Multitask Language Understanding [35]

▶ Evaluates general knowledge across 57 subjects.
▶ Covers humanities, STEM, social sciences, and other disciplines.
▶ Used to assess generalization and robustness of LLMs.

◦ ARC: AI2 Reasoning Challenge [16]

▶ Designed to assess advanced commonsense reasoning.
▶ Includes science questions from elementary and middle school exams.
▶ Requires multi-step inference and world knowledge.

◦ Example Question from ARC [16]:
What is the main function of a leaf?
A) Store food
B) Absorb water
C) Produce oxygen
D) Provide support
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Benchmark performance trends and prompting
◦ Performance Insights

▶ Reasoning accuracy improves with model size, and training objectives such as SFT and RLHF [3].
▶ Few-shot prompting significantly boosts performance on GSM8K and MATH [10].
▶ Chain-of-thought (CoT) prompting improves multi-step logical reasoning [88].

Figure: Standard vs chain-of-thought prompting [88].
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Wrap up

◦ The data-mixture selection is an open topic (lots of conflicting conclusions!)

◦ Project discussions next Thursday!

◦ We will also have a brief introduction to the CSCS cluster
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Supplementary Material
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Deduplication techniques: Approximate matching
▶ NEARDUP: Efficiently identifies near-duplicates by estimating Jaccard similarity.

▶ Represent the i-th document by its set of n-grams di.
▶ Jaccard similarity:

J(di, dj) =
|di ∩ dj |
|di ∪ dj |

▶ MinHash [9] approximates the Jaccard index using hash functions. Let h1, ..., hn be a set of n hash functions. The
MinHash signature M(d) of a set d is:

M(d) =
[

min{h1(s) : s ∈ d}, min{h2(s) : s ∈ d}, . . . , min{hn(s) : s ∈ d}
]

.

▶ Key Property: For any hash function hi,

P
(

min{hi(di)} = min{hi(dj)}
)

= J(di, dj).

▶ Modern deduplication methods like MinHashLSH [10] and SimHash [13] utilize locality sensitive hashing for more
efficient near-duplicate detection.

▶ Edit Similarity: Similarity based on number of edits (insertions, deletions, substitutions) [51]

EditSim(xi, xj) = 1−
EditDistance(xi, xj)

max(|xi|, |xj |)
.

▶ Other distances are used in practice (e.g., Levenshtein in PaLM [14]).
▶ Documents are near-duplicates if Edit Similarity exceeds a threshold (e.g., 0.8).
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Deduplication techniques: Model-Based

▶ Use learned representations from pretrained models to identify semantically similar documents.
▶ SEMDEDUP [1]:

▶ Uses a pretrained language model to generate embeddings.
▶ Calculates a representation for each data point (e.g., last layer embedding of final token).

ei = LM(xi)
▶ Clusters data points to find groups of similar documents.

C = Clustering({ei})
▶ Computes pairwise cosine similarity within each cluster.
▶ Can be combined with other methods (e.g., MinHash) for efficiency.

▶ Document De-Duplication and Diversification (D4) [83]:
▶ Combines MinHash, SemDeDup, and clustering.
▶ Removes "most prototypical" examples within each cluster using [76], enhancing diversity.
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Quality filtering: Classifier-based

Definition (Quality Score)
Let q : D → [0, 1] be a quality classifier, where D is the space of all documents. q(d) represents the predicted
quality of document d, with higher values indicating higher quality. A threshold τ is used to filter:

Dfiltered = {d ∈ D|q(d) ≥ τ}. (1)

Theorem (Stochastic Selection (Pareto Sampling))
A common approach [10] is to keep a document d if:

r > 1− q(d), (2)
where r ∼ Pareto(α) is a random variable drawn from a Pareto distribution with shape parameter α, and q(d) is
the document’s quality score.

▶ Pareto distribution introduces stochasticity, allowing some lower-scoring documents to be included.
▶ The shape parameter α controls the degree of stochasticity.
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Data age: Temporal degradation

▶ Performance degradation is quantified using Temporal Degradation (TD).
▶ Average rate of performance deterioration per unit time delta between training and evaluation data. Higher

TD indicates greater sensitivity to temporal shifts.

Definition: Temporal Degradation (TD) [60]
Let St,t′ be the performance of a model trained on data from time t and evaluated on data from time t′. Let
D(t→ t′) = −(St,t′ − St′,t′ ) · sign(t− t′), which indicates the performance delta between the time-aligned and
misaligned models. The TD score at evaluation time t′ for training times T is:

TD(T → t′) =

∣∣∣∣∑
t∈T (D(t→ t′)− D̄)(t− t̄)∑

t∈T (t− t̄)2

∣∣∣∣ ,

where t̄ = avgt∈T t and D̄ = avgt∈T D(t→ t′).
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Data filtering details Table 4: Additional notes on each model’s filtering details.

M���� F�������� D������
B��� “ignore lists, tables, and headers”
GPT-� removed Wikipedia
R�B���� CC filtered to news and Winograd-like subsets
XLN�� “heuristics to aggressively filter out short or low-quality articles”
T� Heuristic quality, toxicity, and length filters; code removed
GPT-� Filtered based on similarity to high-quality reference corpora.
GPT-J/N�� Uses fasttext classifier on Pile-CC, with OpenWebText2 as the high-quality reference.
GL�M Classifier with Wikipedia, books and selected websites as positive examples
L�MDA “LaMDA SSI and safety discriminators are also used to score and filter 2.5M turns of dialog data

sampled from the pre-training dataset”, which are then trained on.
A����C��� Filtering heuristics to exclude automatically generated code
C���G�� Heuristic filters for code quality
C��������� Heuristic-based quality filtering, SafeSearch filter
M������ Same as PaLM for non-academic data
BLOOM heuristic-based quality and porn filtering
P�LM Same as GlaM
G�������� Apply several quality filters: exclude papers from journals with certain keywords or low journal

impact factor
LL�MA Classifier to filter out low-quality and un-Wikipedia-like text

B Expanded Literature Review

Table 4 lists popular and well-known models trained in the last several years and a summary of the available
information about their training data.

C Experimental Details

This section provides further details on the methodology and hyperparameter settings used for pretraining,
finetuning, and evaluation.
To allow for a model that can generate without finetuning but also perform well after finetuning, we rely
on the extensive experiments of Wang et al. (2022). Their empirical results suggest these criteria are met
with a Causal Decoding architecture with a Full Language Modeling pretraining objective (“CD-FLM”),
which permits generation without finetuning, followed by a Prefix Language Modeling objective (PLM) for
finetuning, where the causal attention mask is removed from the original prompt.

C.1 Pretraining Details

Our two pretraining datasets are C4 (Ra�el et al., 2020) and the Pile (Gao et al., 2021). We use the same
vocabulary for both as used in the original T5 from Ra�el et al. (2020). All training is conducted using T5X
(Roberts et al., 2022) and Tensorflow (Abadi et al., 2016) on TPUs. Specific hyperparameters for LM-XL and
LM-S���� pretraining are detailed in Table 5.

C.2 Finetuning Details

Unless otherwise noted, evaluation was performed by finetuning on the train set for each benchmark task, and
then evaluating on either the validation or test set (specified in each section). Finetuning hyperparameters
are given in Table 6.

29

Figure: Additional notes on each model’s filtering details from [59].
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LoLCATs: Low-Rank Linear Conversion via Attention Transfer
◦ Traditional output-based distillation hardly scales to very large models.
◦ A recent work called LoLCATs [99] replaces quadratic softmax attention with linearized attention.
◦ Utilizes attention distillation that acts on the hidden layers, and low-rank adaptation.

Mathematical Formulation: Attention Transfer
The original Transformer attention function:

yn =
n∑

i=1

exp(q⊤
n ki/

√
d)∑n

j=1 exp(q⊤
n kj/

√
d)

vi

is approximated in LoLCATs using a linear feature transformation ϕ:

ŷn =
n∑

i=1

ϕ(qn)⊤ϕ(ki)∑n

j=1 ϕ(qn)⊤ϕ(kj)
vi

The function ϕ (a learnable linear layer) is trained via distillation loss for each layer m and attention head h:

ℓMSE =
1

MH

M∑
m=1

H∑
h=1

1
d

d∑
n=1

(yn − ŷn)2
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Low-Rank Fine-Tuning in LoLCATs

Step 2: Low-Rank Adaptation (LoRA)
After replacing softmax attention with linear attention, LoLCATs fine-tunes only the projection matrices using
Low-Rank Adaptation (LoRA):

W ′ = W + ∆W, where ∆W = BA

where:
▶ W ′ is the updated projection matrix,
▶ B ∈ Rd×r and A ∈ Rr×d are low-rank matrices (with r ≪ d).

Training Objective
In the LoRA step, LoLCATs minimizes the cross-entropy loss for next-token prediction:

ℓxent = −
∑

log PΘ(ut+1|u1:t)

where PΘ is the modified LLM with linearized attention.
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LoLCATs Framework General Picture

Figure: Illustration of the LoLCATs framework. [99].

◦ Scalability: Enables the linearization of 70B, up to 405B models.

◦ Efficiency: It takes under half the total GPU hours than prior methods linearize 8B models.
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Distillation Scaling Laws: Formulation [11]

◦ The student cross-entropy follows a power-law relation:

LS(NS , DS , LT ) = LT +
1

Lc
T

(
1 +

(
LT

L̃S

)1/f
)−cf (

A

Nα
S

+
B

Dβ
S

)γ

where:
▶ LT and L̃S : teacher and student cross-entropy.
▶ NS , DS : student model and data size.
▶ A, B, c, f : scaling and transition factors.
▶ α, β, γ: model, data, and loss scaling.

Remarks: ◦ If NS or DS is too small, distillation significantly outperforms direct supervision.

◦ For large NS and DS direct training is preferable rather than distillation.

◦ There exists a transition where supervised learning overtakes distillation as compute scales.

◦ Optimal teacher selection depends on LT : too strong teacher may not yield further benefits.
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